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============
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In 1972, Chartrand, Kaigars, and Lick proved the following result on the existence of a vertex whose removal does not influence *k*-connectedness of a graph.

Theorem 1 {#FPar1}
---------

(*Chartrand, Kaigars, and Lick* \[[@CR1]\])**.** Every *k*-connected graph *G* with $\documentclass[12pt]{minimal}
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After more than 30 years, Fujita and Kawarabayashi considered a similar problem for an edge of a graph and showed the following.

Theorem 2 {#FPar2}
---------

(*Fujita and Kawarabayashi* \[[@CR3]\])**.** Every *k*-connected graph *G* with $\documentclass[12pt]{minimal}
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                \begin{document}$$G-\{u,v\}$$\end{document}$ is *k*-connected.

In the same paper, they conjectured the next statement.

Conjecture 1 {#FPar3}
------------

There is a function *f*(*m*) such that every *k*-connected graph *G* with $\documentclass[12pt]{minimal}
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Note that the condition that *W* is connected is essential, since by iteratively applying Theorem [1](#FPar1){ref-type="sec"}, we can see that every *k*-connected graph *G* with $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (G)$$\end{document}$ in Theorem [2](#FPar2){ref-type="sec"} and generalizes Theorem [1](#FPar1){ref-type="sec"}.

Theorem 3 {#FPar4}
---------

(*Mader* \[[@CR8]\])**.** Every *k*-connected graph *G* with $\documentclass[12pt]{minimal}
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Based on this result, Mader conjectured the following, i.e., a path in Theorem [3](#FPar4){ref-type="sec"} can be generalized to any tree of the same order.

Conjecture 2 {#FPar5}
------------

(Mader \[[@CR8]\])**.** For any tree *T* of order *m*, every *k*-connected graph *G* with $\documentclass[12pt]{minimal}
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                \begin{document}$$G-V(T')$$\end{document}$ is *k*-connected.

Mader's conjecture is a generalization not only from Theorem [1](#FPar1){ref-type="sec"} but also from the next well-known result on the existence of a subtree isomorphic to any given tree.

Proposition 1 {#FPar6}
-------------

For any tree *T* of order *m*, every graph *G* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta (G) \ge m-1$$\end{document}$ contains a subtree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T' \cong T$$\end{document}$.

Apart from Mader's conjecture, Locke's conjecture concerning nonseparating trees in connected graphs is known. A *k*-cohesive graph is a non-trivial connected graph in which for any two distinct vertices *u* and *v*, the sum of the degrees of *u* and *v* and the distance between *u* and *v* is at least *k*.

Conjecture 3 {#FPar7}
------------

(Locke \[[@CR5]\])**.** For any tree *T* of order $\documentclass[12pt]{minimal}
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Motivated by Locke's conjecture, Diwan and Tholiya proved a theorem which is weaker than the conjecture, but it is the same as Mader's conjecture for $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (G) \ge m$$\end{document}$, then *G* is 2*m*-cohesive.

Theorem 4 {#FPar8}
---------

(*Diwan and Tholiya* \[[@CR2]\])**.** For any tree *T* of order *m*, every connected graph *G* with $\documentclass[12pt]{minimal}
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                \begin{document}$$G-V(T')$$\end{document}$ is 2-connected, where *n*(*T*) is the number of internal vertices of *T*. As a corollary, it follows that Mader's conjecture for $\documentclass[12pt]{minimal}
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                \begin{document}$$g \ge 3$$\end{document}$, there exists an *r*-regular graph with girth *g*, which has been shown in \[[@CR12]\].

Theorem 5 {#FPar9}
---------

For any tree *T* of order *m*, every 2-connected graph *G* with $\documentclass[12pt]{minimal}
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By increasing the lower bound of $\documentclass[12pt]{minimal}
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Theorem 6 {#FPar10}
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For any tree *T* of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \ge 6$$\end{document}$, every 2-connected graph *G* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta (G) \ge m+1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(G) \ge \delta (G)-3$$\end{document}$ contains a subtree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T' \cong T$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G-V(T')$$\end{document}$ is 2-connected.

Moreover, by adding structural conditions, we can improve the girth conditions in Theorems [5](#FPar9){ref-type="sec"} and [6](#FPar10){ref-type="sec"}.

Theorem 7 {#FPar11}
---------

For any tree *T* of order *m*, every 2-connected graph *G* with $\documentclass[12pt]{minimal}
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Theorem 8 {#FPar12}
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Mader's conjecture is interesting not only from a theoretical point of view but also from a practical point of view, since it may be applied to fault-tolerant problems in communication networks. That is, it is considered that Mader's conjecture guarantees the reliability of a communication network for a faulty subtree structure rather than a set of faulty vertices. Our proofs are constructive and lead to $\documentclass[12pt]{minimal}
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This paper is organized as follows. Section [2](#Sec2){ref-type="sec"} presents notations, terminology, and known results used in this paper. Section [3](#Sec3){ref-type="sec"} gives an outline of our proofs. Detailed proofs of Theorems [5](#FPar9){ref-type="sec"} and [6](#FPar10){ref-type="sec"} (respectively, Theorems [7](#FPar11){ref-type="sec"} and [8](#FPar12){ref-type="sec"}) are given in Sect. [4](#Sec4){ref-type="sec"} (respectively, Sect. [5](#Sec5){ref-type="sec"}). Section [6](#Sec6){ref-type="sec"} concludes the paper with several remarks.

Preliminaries {#Sec2}
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A *component* of *G* is a maximal connected subgraph of *G*, while a *block* of *G* is a maximal connected subgraph of *G* without a cut vertex. A *cyclic block* is a block with order at least 3. For a tree *T*, the set of internal vertices, i.e., vertices with degree at least two, is denoted by $\documentclass[12pt]{minimal}
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Proposition [1](#FPar6){ref-type="sec"} can be stated in a more general form as follows.

Lemma 1 {#FPar13}
-------

\[[@CR4]\]**.** Let *T* be a tree of order *m* and *S* a subtree obtained from *T* by deleting leaves adjacent to a vertex in $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar14}
-------
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An *orientation* *D* of a graph *G* is a directed graph obtained from *G* by replacing each edge by an arc (directed edge) with the same end-vertices. The *outdegree* $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar15}
-------
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Outline of Proofs {#Sec3}
=================

In this section, we explain the outline of our constructive proofs and the time complexity for the algorithms based on the proofs.

Let *T* be a tree of order *m*. Let *G* be a 2-connected graph with $\documentclass[12pt]{minimal}
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The above manipulations can be algorithmically described as follows.
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We here check the complexity of the above algorithm under the assumption that there exists a constructive proof of Statement 1. A subtree $\documentclass[12pt]{minimal}
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Lemma 4 {#FPar16}
-------

If Statement 1 holds, then *G* contains a subtree $\documentclass[12pt]{minimal}
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Next, we consider the case that a 2-connected graph *G* has no triangle, i.e., $\documentclass[12pt]{minimal}
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Lemma 5 {#FPar17}
-------

If Statement 2 holds, then *G* contains a subtree $\documentclass[12pt]{minimal}
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Proof {#FPar18}
-----

We show that the algorithm for Lemma [4](#FPar16){ref-type="sec"} also works well under the assumption that Statement 2 holds.
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Proofs of Theorems [5](#FPar9){ref-type="sec"} and [6](#FPar10){ref-type="sec"} {#Sec4}
===============================================================================

In order to show our main results, we prove the following lemma.
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-------
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Proof {#FPar20}
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Lemma [6](#FPar19){ref-type="sec"} is stronger than Statement 1 under the assumption that $\documentclass[12pt]{minimal}
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Theorem 9 {#FPar21}
---------
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Corollary 1 {#FPar22}
-----------
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Besides, by combining Lemmas [5](#FPar17){ref-type="sec"} and [6](#FPar19){ref-type="sec"}, we have the following.

Theorem 10 {#FPar23}
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From Theorem [10](#FPar23){ref-type="sec"}, the following result for 2-connected graphs without a triangle is obtained.

Corollary 2 {#FPar24}
-----------
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Proofs of Theorems [7](#FPar11){ref-type="sec"} and [8](#FPar12){ref-type="sec"} {#Sec5}
================================================================================
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Proof {#FPar26}
-----
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-------
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Proof {#FPar28}
-----
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From Lemmas [4](#FPar16){ref-type="sec"}, [5](#FPar17){ref-type="sec"}, [7](#FPar25){ref-type="sec"}, and [8](#FPar27){ref-type="sec"}, we have the following results.

Theorem 11 {#FPar29}
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Theorem 12 {#FPar30}
----------
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Theorems [7](#FPar11){ref-type="sec"} and [8](#FPar12){ref-type="sec"} follow from Theorem [11](#FPar29){ref-type="sec"} with Lemma [2](#FPar14){ref-type="sec"} and Theorem [12](#FPar30){ref-type="sec"}, respectively. Manipulations in the proofs of Lemmas [7](#FPar25){ref-type="sec"} and [8](#FPar27){ref-type="sec"} can be done in *O*(\|*E*(*G*)\|) time, although they are more complicated than those in the proof of Lemma [6](#FPar19){ref-type="sec"}. Therefore, we can find a desired subtree $\documentclass[12pt]{minimal}
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Concluding Remarks {#Sec6}
==================

In this paper, we have shown that Mader's conjecture for $\documentclass[12pt]{minimal}
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Our lower bounds on the girth in Theorems [5](#FPar9){ref-type="sec"} and [7](#FPar11){ref-type="sec"} can be improved if the upper bound on the diameter of a tree for which Mader's conjecture for $\documentclass[12pt]{minimal}
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Theorem 13 {#FPar31}
----------
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In particular, by checking the proof in \[[@CR7]\], we can see that Statement 2 holds for any caterpillars; thus, the lower bounds on *g*(*G*) in Theorems [6](#FPar10){ref-type="sec"} and [8](#FPar12){ref-type="sec"} can be improved to $\documentclass[12pt]{minimal}
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Even though Mader's conjecture for $\documentclass[12pt]{minimal}
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Conjecture 4 {#FPar32}
------------
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Although we consider Mader's conjecture only for $\documentclass[12pt]{minimal}
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The author is grateful to the reviewers for their helpful comments. This work was supported by JSPS KAKENHI Grant Number JP19K11829.
